Electroweak Knot 
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We demonstrate the existence of stable knot solitons in the standard electroweak theory 
whose topological quantum number ^3(5^) is fixed by the Chern-Simon index of the Z boson. The 
electroweak knots are made of the helical magnetic flux tube of Z boson which has a non-trivial 
dressing of the Higgs field, which could also be viewed as two quantized flux rings linked together 
whose linking number becomes the knot quantum number. We estimate the mass of the lightest 
knot to be around 21 TeV. 
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Ever since Dirac proposed his theory of monopoles 
the topological objects in physics have been the subject 
of intensive studies P, Q • In particular the finite energy 
topological solitons have been widely studied in theoret- 
ical physics 0. • ^ remarkable type of solitons is the 
knots which have recently appeared almost everywhere, 
in nuclear physics in Skyrme theory 0, |E j in plasma 
physics in coronal loops '7"! , in condensed matter physics 
in one-gap as well as multi-gap superconductors 8, 9, lOj, 
and in atomic physics in two-component Bose-Einstein 
condensates [lllll^ . 

Of these, the Faddeev-Niemi knot in Skyrme theory 
and the superconducting knot in ordinary superconduc- 
tor are particularly important. The Faddeev-Niemi knot 
is the prototype of the all the knots, which comes from 
the Skyrme-Faddeev Lagrangian 



SF 



1 



2 [d^hf - -{d,h X d^hf. (1) 



The Lagrangian has the following equation 
n X d^h ~ ■^{d^H^^)duh = 0, 

H^y = --n ■ {d^fi X d^n), (2) 

which admits not only the knot but also the helical baby 
skyrmion, a twisted baby skyrmion which is periodic in z- 
coordinate. The importance of the helical baby skyrmion 
is that the Faddeev-Niemi knot is nothing but a vortex 
ring made of the helical baby skyrmion with two peri- 
odic ends smoothly connected together. This tells that 
the Faddeev-Niemi knot originates from the helical baby 
skyrmion . The knot is non-Abelian, because the knot 



topology TT3{S'^) comes from the SU{2) symmetry of the 
theory. 

On the other hand, the superconducting knot in or- 
dinary superconductor is an Abelian knot whose knot 
topology is fixed by the Chern-Simon index of the electro- 
magnetic potential Nevertheless this knot is closely 
related to the other knots in a fundamental way. It can 
also be viewed as a vortex ring made of an helical mag- 
netic vortex, the twisted Abrikosov vortex Q . This tells 
that the existence of a helical vortex is an essential con- 
dition for a knot. It guarantees the existence of the knot. 

The purpose of this Letter is to demonstrate the ex- 
istence of an electroweak knot in Weinberg- Salam the- 
ory. We show that the electroweak knot is made of two 
quantized neutral magnetic flux rings linked together, the 
first one winding the second m times and the second one 
winding the first n times, whose linking number mn be- 
comes the knot quantum number. Furthermore we predict 
that the lightest knot has mass around 21 TeV and size 



of 3.5 X 10 



-18 



We also show that the knot has both 



topological and dynamical stability, which comes from the 
twisted topology of the neutral magnetic field. If con- 
firmed by experiments, the knot could constitute the first 
topological particle in high energy physics. 

To establish the existence of the electroweak knot we 
first need to understand the deep connection which exists 
between the Skyrme theory and the non-Abelian gauge 
theory. Let (ni, 71,2,71,) be a right-handed orthonormal 
basis in SU{2) space, and consider the following decom- 
position of the potential into the restricted potential 

and the valence potential [isl IT^ , 



Aa^fl- An, Xa = Xl hi + X^ fl2. 



(3) 
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Notice that An is precisely the connection which leaves 



2 



n invariant under parallel transport, 

Dfj^n = dfj,n + gA^ x n = 0. 
Under the infinitesimal gauge transformation 

f 



one has 



5n = —a X fi , SAn — —Dnd, 
9 



M„ = -h ■ dnd, SAn = -D^d, 
9 9 

sXf, = -dx Xf,. 



(4) 



(5) 



(6) 



This tells that by itself describes an SU{2) connection 
which enjoys the full gauge degrees of freedom. Further- 
more forms a gauge covariant vector field under the 
gauge transformation. But what is really remarkable is 
that the decomposition is gauge- independent. Once n is 
given, the decomposition follows automatically indepen- 
dent of the choice of a gauge 0, 0| . 

Notice that retains the full topological character- 
istics of the original non- Abelian potential. Clearly, fi de- 
fines 7r2(5'^) which describes the non- Abelian monopole 
[l5j |. Besides, with the compactification of i?'^, n de- 
scribes the Hopf invariant 7r3(S'^) ~ 7r3(S''^) which char- 
acterizes both topologically distinct vacua and instanton 
number [16>.17J . Furthermore has a dual structure. 



F„ 



duAi, dp A, 



--h ■ {d^n X dufi) = d^Cu 



(7) 



where A^ and are the (chromo) electric and 

(chromo)magnetic potential [isl ll^ . Notice that Hf^^, 
here is exactly the same two- form appeared in (PJ, which 
admits the potential because it is closed. 

The decomposition ^ reveals the deep connection 
between the Yang-Mills theory and the Skyrme theory. 
To see this notice that with 



1 



-fi X 



we 



have [13 



LSF - -^^p^- 



(8) 



(9) 



This tells that the Skyrme-Faddeev theory can be inter- 
preted as a massive Yang-Mills theory where the gauge 
potential has the special form ((S)). This is a first indi- 
cation that the Weinberg-Salam theory could admit a 
knot similar to Faddeev-Niemi knot. Our decomposition 
©, which has recentl y be en referred to as the "Cho de- 
composition" 0,113,13, plays a crucial role in QCD, 



in particular in the calculation of the effective action of 

QCD m. 

With these preliminaries we now demonstrate the ex- 
istence of an electroweak knot. Consider the Weinberg- 
Salam Lagrangian 



4 Ai'' 



(10) 



With the decomposition © we can identify the Higgs 
field p and W boson Wf^ by, 



— {Xl + iXD, (11) 



and express H1(J|I in terms of the physical fields alone 
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± p(cm)^ — 17^ 

4 A"' 4 
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where p§ = 2m^/A, D 



(cm) 



dn + ieA 



(cm) . (cm) 



(12) 



and 



are the electromagnetic potential and the Z boson. 
We emphasize that this expression is obtained without 
any gauge fixing, which is made possible with the gauge 
independent decomposition 



Now, with the ansatz 



A (cm) 



0, 



(13) 



we have the following equation 



A 



d^p-9o Zl p = ^-^{p^ - pI) p, 
dfiZfj^p ~ jp = 5q Zp, 



(14) 



where 50 = V g'^ + 5'^/2 and = d^,Zy - d^Z^. This 
admits not only a helical vortex but also a knot made of 
a twisted magnetic field of the Z boson. 

We construct the helical vortex first. Choose the 
cylindrical coodinates (p, Lp, z) and the following ansatz 

P = pio)-, 

Z^^ — (nZi{g)d^ip + 'mkZ2{g)df_,z). (15) 
90 



With this we have 



Zgu:, — Zi, 

90 



mk ■ 

Zqz = ^2, 

90 



Zioz — 0, 



= 9oP^ (nZid^ip + mkZ2df_, 



(16) 
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But it also has the magnetic field H^p around the vortex 



FIG. 1: The helical electroweak vortex with m = n = 1 in 
Weinberg-Salam theory. Here we have put go = 1, \ = 2, 
k = po/10, and g is in the unit of 1/po- 



which clearly shows that both the magnetic flux and the 
supercurrent have a helical structure. 



With the ansatz (|14(l is reduced to 



P+-P 
Q 



Zi - -Zi - gl p'Zi = 0, 
Q 

Z2 + -Z2-9I P^Z2^0. 
Q 



(17) 



Now, we impose the following boundary condition 

p(0) = 0, p(^) = po, ^i(O) = 1, ^i(c^) = 0. (18) 

As for Z2 we require that the vortex carries a non- 
vanishing supercurrent. This uniquely fixes the bound- 
ary condition for Z2, which dictates that Z2{oo) ~ but 
^2(0) must have a logarithmic divergence. 

With this we obtain the helical vortex shown in Fig. 1 . 
Notice that, when m = 0, the solution (wi th Z2 = 0) 
describes the well-known Z boson vortex [23| . But when 
m is not zero, it describes a helical vortex which has a 
non-vanishing supercurrent (not only around the z-axis 
but also) along the z-axis. 



= mkgo / Z2gdgd(p = — 



2'Knik 
90 



{QZ2) 



(19) 



This confirms that the logarithmic divergence of Z2 at 
the origin is what we need to make the vortex a super- 
conducting string. But here, of course, the supercurrent 
is neutral, not electromagnetic. 

Clearly the vortex has the magnetic field and the 
quantized magnetic fiux $£ along the z-axis 
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50 



(20) 



mk • 
H0 — Z2. 

90 



(21) 



Unfortunately this produces an infinite the magnetic flux 
around the vortex, because of the singularity at the 
origin. So one might conclude that the helical vortex 
is unphysical which does not exist, because one need an 
infinite energy to create it. 

The importance of the helical vortex, however, is not 
in that it is physical but in that it ensures the existence 
of a knot. To see this notice that with the vortex we 
can make a vortex ring by smoothly bending and con- 
necting two periodic ends. In this vortex ring the infinite 
magnetic flux Z2 becomes finite because the finite super- 
current (|19|l . in the vortex ring, should produce a flnite 
magnetic flux passing through the disk of the ring. This 
tells that the infinite magnetic flux of the vortex is 
an artifact of a straight vortex, which disappears in the 
vortex ring. Furthermore, we can certainly make the fi- 
nite magnetic flux passing through the knot disk to have 
the quantized value 27rm/(7o by adjusting the supercur- 
rent of the ring with k. Remarkably, this vortex ring 
now becomes a topologically stable knot. To see this no- 
tice that the magnetic flux of the knot is made of two 
flux rings, a 2^171/90 flux around the knot tube and a 
27171/90 flux along the knot. Moreover the two flux rings 
are linked together, whose linking number becomes mn. 
This is precisely the mathematical description of a knot, 
two rings linked together. This assures that the vortex 
ring does indeed become a topological knot. The knot 
quantum number is described by the Chern-Simon index 
of Zfj^ field. 



Q 



327r2 



eijkZiZjkd^x = mn, 



(22) 



which describes the non-trivial topology 713(8'^) of the 
magnetic field Z^i/. Notice that this is formally identical 
to the quantum number of the Faddeev-Niemi knot 
The only difference is that here the (chromo)magnetic 
potential C'^ is replaced by Z^. Furthermore, just as in 
the Faddeev-Niemi case, the Chern-Simon index is given 
by the linking number of two magnetic fiuxes. 

Obviously the two flux rings linked together can not 
be separated with a continuous deformation of the held 
configuration. This provides the topological stability of 
the knot. 

Furthermore, this topological stability of the knot is 
backed up by a dynamical stability. This is because the 
supercurrent along the knot now generates a net angu- 
lar momentum around the knot which naturally provides 
the centrifugal repulsive force to prevent the collapse of 
the knot. This tells that the knot is dynamically stable. 
Another way to understand the dynamical stability is to 
notice that, when the knot tries to shrink, the energy den- 
sity of magnetic field trapped in the knot disk increases 



4 



inevitably. This generates a repulsive force against the 
collapse, which makes the knot stable. 

We emphasize hat the stability of the knot crucially 
depends on the helical structure of the supercurrent and 
magnetic field. Without this there is neither the topo- 
logical stability nor the dymamical stability. 

We can estimate the mass of the electroweak knot. 
To do this notice that in the absence of the Higgs field 
the knot becomes almost identical to the Faddeev-Niemi 
knot in Skyrme theory. From this observation we may 
estimate the energy density (per length) and the energy, 
thus the radius of the knot as [iTl [23 



E=Tmpl, E >16Tr^ X 3^/^ {mnf/^ gopo, 
E _ 850 X 33/8 m3/4 
2^ ~ p'o ni/4 ■ 



R 



(23) 



So, with the experimental values go ~ 0.36 and po ~ 
246 GeV we expect the lightest electroweak knot to have 
mass around 21 TeV and radius of about 3.5 x 10~^* m, 
with tube size 0.7 x 10~^^ to. 

Clearly the electroweak knot is closely related to the 
Faddeev-Niemi knot. But one can not overemphasize 
the striking similarity between the electroweak knot and 
superconducting knot in ordinary superconductor 
Mathematically they are identical. The only difference 
is that the superconducting knot exists at the atomic 
scale and carries the real electric supercurrent, whereas 



the knot here exists at the electroweak scale and carries 
the neutral current. It is really remarkable that math- 
ematically identical knots can exist in totally different 
physical enviornments, in eV scale and in TeV scale. 

We believe that our analysis has established the ex- 
istence of a electroweak knot beyond reasonable doubt. 
Of course, one might like to see an analytic solution of 
the knot. Unfortunately this is impossible. At present 
even the simplest knot does not allow an analytic solu- 
tion But one can construct an approximate solu- 
tion analytically which has all the charactristic features 
of the electroweak knot, using the toroidal coordinates 
and adopting an educated ansatz |^ |^ . This provides 
another evidence which endorses the fact that the elec- 
troweak knot is for real. A challenging task now would be 
to confirm the existence of the electroweak knot by high 
energy experiments. We hope that the LHC at CERN 
could confirm the existence of the electroweak knot. 

The physical implications of the electroweak knot and 
the details of our analysis will be published separately 
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